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MODEL-DATA FUSION PROBLEM
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BAYESIAN ANALYIS

Thomas Bayes (1763). "An Essay towards solving a Problem in the Doctrine of Chances“,
Philosophical Transactions of the Royal Society of London, vol. 53, pp. 370–418.



P(A|B)

PRIOR, LIKELIHOOD, EVIDENCE, POSTERIOR

=
P(A) P(B|A)

P(B)

PRIOR CONDITIONAL PROBABILITY 
(LIKELIHOOD) 

EVIDENCEPOSTERIOR

NOTATION I USE IN THIS PRESENTATION



MONTE CARLO SIMULATION AND LIKELIHOOD

WHICH IS SIMILAR TO

TYPICALLY CANNOT BE ESTIMATED ANALYTICALLY
THUS, (MARKOV CHAIN) MONTE CARLO SAMPLING

STANDARD GAUSSIAN LIKELIHOOD FUNCTION



DIFFERENTIAL EVOLUTION ADAPTIVE METROPOLIS

Vrugt et al., WRR, (2008); Vrugt et al., IJNSNS, (2009)
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DREAM: Continuously Updates the Scale 

and Orientation of the Proposal Distribution

Maintains Detailed Balance and is Ergodic
Handles Multimodality Efficiently

High-dimensionality
ESPECIALLY DESIGNED FOR PARALLEL COMPUTING
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I. Initialize N different chains

1.  Initialize N different Markov Chains; N  ½n
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3.  Compute the Metropolis ratio, i in each chain i = 1,…,N: 

r1 and r2 are chains, e is drawn from uniform distribution with small support
The choice of  should result in an acceptance probability of about 0.24

DIFFERENTIAL EVOLUTION ADAPTIVE METROPOLIS
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SUBSPACE (METROPOLIS-WITHIN-GIBBS) SAMPLING
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IN HIGH-DIMENSIONS NOT OPTIMAL TO UPDATE ALL DIMENSIONS
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3. Modify only selected dimensions with crossover probability CR
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EXAMPLE: 10-DIMENSIONAL BIMODALITY



APPLICATION TO WATERSHED HYDROLOGY

Schoups and Vrugt, WRR, 2010
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WATERSHED MODEL CALIBRATION

Schoups and Vrugt, WRR (2010)



GENERALIZED LIKELIHOOD FUNCTION

Schoups and Vrugt, WRR (2010)

A LIKELIHOOD FUNCTION 
THAT TAKES BETTER 
CONSIDERATION OF 

NONTRADITIONAL ERROR 
RESIDUAL DISTRIBUTIONS



FOR PROPER TREATMENT OF 
UNCERTAINTY; A BETTER 
ALTERNATIVE TO LEAST 
SQUARES MODEL – DATA 

SYNTHESIS



GENERALIZED LIKELIHOOD FUNCTION

Schoups and Vrugt, WRR (2010)



POSTERIOR PARAMETER DISTRIBUTIONS

Schoups and Vrugt, WRR (2010)

BLUE: STANDARD LEAST SQUARES
RED: GENERALIZED LIKELIHO0D FUnCTION
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DATA ASSIMILATION USING PARTICLE-DREAM

Vrugt et al., AWR, (2012)
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SEQUENTIAL BAYES LAW

MODEL FORMULATION (STATE-SPACE)

MEASUREMENT OPERATOR

SEQUENTIAL BAYES LAW (PARAMETERS ASSUMED KNOWN!)

Doucet and Johansen, 2011; Vrugt et al., AWR, (2012)



SEQUENTIAL MONTE CARLO (SMC) METHODS

Doucet and Johansen, 2011; Vrugt et al., AWR, (2012)



CRUX OF SMC: RESAMPLING

Vrugt et al., AWR, (2012)

RESAMPLING WITH DREAM AT t-1

WITH METROPOLIS ACCEPTANCE PROBABILITY



RESAMPLING WITH DREAM

Vrugt et al., AWR, (2012)



PSEUDO-CODE OF PARTICLE-DREAM

BUT WHAT TO DO WITH PARAMETERS?

TWO DIFFERENT POSSIBILITIES

P-DREAM(VP)  STATE AUGMENTATION

P-DREAM(IP)  OUTSIDE DREAM LOOP

VARIABLE PARAMETERS (STATE AUGMENTATION)
NOT RECOMMENDED!!!!

CAUTIONARY NOTE

Vrugt et al., AWR, (2012)

PARTICLE - DREAM



BENCHMARK STUDY: LORENZ MODEL

Vrugt et al., AWR, (2012)
PARAMETERS ADDED TO STATE VECTOR – NOT RECOMMENDED!!



LORENZ MODEL: TRACE PLOTS AND MARGINAL DISTRIBUTIONS

Vrugt et al., AWR, (2012)



Vrugt et al., AWR, (2012)

CASE STUDY: HYDROLOGIC MODEL



SOME OBSERVATIONS

PARTICLE FILTERS ARE STATISTICALLY SOUND (IF IMPLEMENTED 
CORRECTLY!) BUT VERY INEFFICIENT

MANY PARTICLES ARE REQUIRED TO DERIVE STABLE STATE PDF. NOT 
VIABLE FOR LARGE-SCALE AND REAL-TIME APPLICATION

RESAMPLING WITH MCMC AVOIDS PARTICLE COLLAPSE – BUT USE OF 
LIKELIHOOD RATHER THAN DATA ITSELF LEADS TO SLOW 
CONVERGENCE TO TARGET DISTRIBUTION.

STATE AUGMENTION NOT RECOMMENDED. PARAMETERS SHOW 
WONDERFUL TIME VARIATIONS – BUT THESE RESULTS ARE 
MEANINGLESS AND DUE TO INSUFFICIENT SAMPLE SIZE / POOR USE 
OF STATISTICS

MANY STUDIES (ALSO FOR ENKF) USE SUBJECTIVE TUNING FACTORS 
TO FORCE CONVERGENCE PARAMETER ENSEMBLE. THERE IS NO 
STATISTICAL BASIS FOR THIS APPROACH. MCMC IS THE ONLY 
FORMAL APPROACH



PARTICLE FILTER WITH ENKF UPDATE

DIRECTED UPDATED TOWARDS OBSERVATIONS

CAUTION: DETAILED BALANCE!!!
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